ヒ　ヘイタン 　フクソ　クウカンケイナイ　Ａガタ　オヨビ　Ｂガタ　トウ　シツジツ　チョウ　キョクメン by Yamashita, Katsufumi et al.
HOMOGENEOUS REAL HYPERSURFACES
OF TYPES (A) AND (B)
IN A NONFLAT COMPLEX SPACE FORM
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This doctoral thesis consists of two parts. In the rst part we characterize the
homogeneous real hypersurface of type (B) with two distinct constant principal
curvatures in CHn(c) (n = 2). In the second part we characterize homogeneous
real hypersurfaces of type (A) in a nonat complex space form.
The author would like to thank Professor Sadahiro Maeda for his valuable sug-
gestions and encouragement during the preparation of this doctoral paper.
1. introduction
We denote by fMn(c) a complex n(= 2)-dimensional complete and simply con-
nected Kahler manifold of constant holomorphic sectional curvature c, namely a
complex space form of constant holomorphic sectional curvature c. It is well-known
that fMn(c) is holomorphically isometric to either an n-dimensional complex pro-
jective space CP n(c) of constant holomorphic sectional curvature c, a complex Eu-
clidean space Cn or an n-dimensional complex hyperbolic space CHn(c) of constant
holomorphic sectional curvature c according as c is positive, zero or negative.
In the theory of real hypersurfaces in a nonat complex space form fMn(c), R.
Takagi, M. Kimura, J. Berndt, S. Maeda, H. Tamaru have made signicant contribu-
tions (see [18, 19, 11, 5, 6, 1, 7, 12]). M. Kimura ([11]) classied Hopf hypersurfaces
M all of whose principal curvatures are constant in CP n(c) (n = 2). In the case
of CHn(c) (n = 2), J. Berndt classied Hopf hypersurface M all of whose principal
curvatures are constant. Moreover, J. Berndt and H. Tamaru ([6]) classied all
homogeneous real hypersurfaces in CHn(c) (n = 2). They showed that there exist
many homogeneous real hypersurfaces which are not Hopf hypersurfaces as well as
many homogeneous real hypersurfaces which are Hopf hypersurfaces. S. Maeda, T.
Adachi, M. Kimura, and B.Y. Chen ([1, 7]) characterized all homogeneous Hopf hy-
persurfacesM by studying the holomorphic distribution T 0M := fX 2 TM jX ? g
of M and the extrinsic shape of some geodesics on M in a nonat complex space
form, where TM is the tangent bundle over M , and  is called the characteristic
vector eld on M .
In Section 2, we prepare basic terminologies on real hyperspaces and some fun-
damental properties of Hopf hypersurfaces in a nonat space form fMn(c).
In Section 3, we review M. Kimura's and J. Berndt's classication Theorems
of Hopf hypersurfaces all of whose principal curvatures are constant in a nonat
complex space form.
In Section 4, we consider the extrinsic shape of geodesics on a hypersurface Mn
in an ambient Riemannian mainifold fMn+1 through an isometric immersion. In
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general, it is meaningful to investigate the extrinsic shape of geodesics on a hyper-
surface Mn in the ambient space fMn+1. We here call    the extrinsic shape of a
curve  on Mn in fMn+1, where  denotes an isometric immersion of Mn into fMn+1.
In Section 4, from this point of view, we review several results proved by S. Maeda,
T. Adachi and Y.H. Kim (see [14]).
The main result of the rst part is stated in Section 5. We characterize the
homogeneous real hypersurface M of type (B) with two distinct principal curva-
tures in CHn(c) in terms of the derivative of its shape operator A, the exterior
dierentiation d of its contact form  and the extrinsic shape of some geodesics
on M . We here note that there does not exist a real hypersurface M with paral-
lel shape operator A, and also does not exist a real hypersurface M with closed
contact form  in fMn(c). We here review homogeneous real hypersurfaces M
of type (B) in CHn(c). This real hypersurface M is a tube of constant radius
r 2 (0;1) around a totally real totally geodesic RHn(c=4) in the ambient space
CHn(c). When r 6= (1=pjcj ) log(2 + p3 ), M has three distinct constant prin-
cipal curvatures 1 = (
pjcj =2) coth(pjcj r=2), 2 = (pjcj =2) tanh(pjcj r=2) and
 =
pjcj tanh(pjcj r). In the case of r = (1=pjcj ) log(2+p3 ),M has two distinct
constant principal curvatures 1 =  =
p
3jcj =2 and 2 =
pjcj =(2p3 ).
We next explain the second part. The geometry of real hypersurfaces of fMn(c); c 6=
0 is a bit complicated. For examples, the following three properties are known.
(i) There exist no real hypersurfaces M with parallel shape operator A.
(ii) There exist no real hypersurfaces M with parallel Ricci tensor S.
(iii) There exist no real hypersurfaces M with parallel structure tensor 
(As for (i), (ii), see [17] and for (iii), see Proposition 1.)
As we mention in Section 2, by the complex structure J of fMn(c) the structure
tensor  is dened on real hypersurfaces M of fMn(c). We here dene a symmetric
tensor  = A   A on M . Using the parallelism of this tensor  , we shall
characterize homogeneous real hypersurfaces of type (A), which are the simplest
examples of Hopf hypersurfaces with constant principal curvatures in a nonat
complex space form. There are many conditions which characterize homogeneous
real hypersurfaces of type (A) in a nonat complex space form. Among them, the
condition that  = 0 on M is well known. (see Propsition 3).
In the case of c > 0, T. Hamada ([9]) proved that a real hypersurface M is of type
(A) if and only if the tensor  on M is parallel, which is a generalization of the
condition  = 0. In Theorem 4 we show that this result holds also in the case of
c < 0. Using the discussion in the proof of Theorem 4, we can prove Theorem 5. In
Theorem 5 we give a necessary and sucient condition for a Kahler manifold to be
a complex space form. Theorems 4, 5 are the main results of the second part and
they are stated in Section 6. In Sections 7 and 8 we give the proofs of Theorem 4
and Theorem 5, respectively.
2. basic facts and fundamental properties
Let M2n 1 be a real hypersurface of a nonat complex space form fMn(c); n = 2.
Before dealing with real hypersurfaces of fMn(c), we review basic facts about
CP n(c) and CHn(c).
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We rst explain the geometric structure of CP n(c). Without loss of generality
we can set c = 4. We consider the Hermitian form hh ; ii on the complex vector
space Cn+1 given by
hhz; wii =
nX
j=0
zjwj;
where z = (z0; : : : ; zn); w = (w0; : : : ; wn). We dene a Riemmanian metric h ; i on
Cn+1 by
hz; wi = Rehhz; wii:
We consider the hypersurface S2n+1 of Cn+1 dened by
S2n+1 = fz 2 Cn+1jhhz; zii = 1g
endowed with the metric induced from h ; i. S2n+1 is a principal S1-bundle over
CP n with projection mapping  : S2n+1 ! CP n(4). For z 2 S2n+1, the tangent
space TzS
2n+1 = fw 2 Cn+1jhw; zi = 0g and the tangent space T(z)CP n can be
identied with the subspace of Cn+1
T(z)CP n = fw 2 Cn+1jhhw; zii = 0g:
We next explain the geometric structure of CHn(c) in detail. We set c =  4. We
consider the Hermitian form hh ; ii on the complex vector space Cn+1 given by
hhz; wii =  z0w0 +
nX
j=1
zjwj;
where z = (z0; : : : ; zn); w = (w0; : : : ; wn). We dene an indenite inner product
h ; i on Cn+1 by
hz; wi = Rehhz; wii:
We consider the hypersurface H2n+11 ( 1) of Cn+1 dened by
H2n+11 ( 1) = fz 2 Cn+1jhhz; zii =  1g
endowed with the metric induced from h ; i. For z 2 H2n+11 ( 1), the tangent space
TzH
2n+1
1 ( 1) = fw 2 Cn+1jhw; zi = 0g. At z 2 H2n+11 , for the normal vector
Nz = z, we have
hJNz; Nzi = RehhJNz; Nzii =  hJNz; Nzi:
Therefore, hJNz; Nzi = 0. This means JNz 2 TzH2n+11 ( 1). Moreover,
hJNz; JNzi = RehhJNz; JNzii = RehhNz; Nzii =  1:
Therefore, H2n+11 ( 1) is not a Riemmanian manifold.
So, the tangent space T(z)CHn can be identied with the subspace of Cn+1
T(z) = fw 2 Cn+1jhhw; zii = 0g:
The complex structure J of CHn is dened by JX = ()z(
p 1 X 0), where X 2
T(z)CHn andX 0 is a horizontal lift forX. It is well-known that the Bergman metric
g of constant holomorphic sectional curvature  4 is given by g(X;Y ) = hX 0; Y 0i,
where X; Y 2 Tz(CHn( 4)) and X 0; Y 0 are respectively their horizontal lifts.
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Now, we shall review the fundamental properties of real hypersurfaces of fMn(c).
A real hypersurface M2n 1 has locally a unit normal vector eld N . The Riemann-
ian connections er of fMn(c) and r of M are related by the following formulas of
Gauss and Weingarten: erXY = rXY + g(AX; Y )N ;(2.1) erXN =  AX(2.2)
for arbitrary vector elds X and Y onM , where g is the Riemannian metric induced
from the standard metric of the ambient space fMn(c) and A is the shape operator
of M in fMn(c). Due to the property g(AX; Y ) = g(X;AY ), A is symmetric. So its
eigenvalues are real numbers. They are called principal curvatures of M in fMn(c).
Eigenvectors of the shape operator A are called principal curvature vectors of M infMn(c). V = fv 2 TM jAv = vg is called the principal distribution associated to
the principal curvature .
It is well-known thatM has an almost contact metric structure (; ; ; g) induced
from the Kahler structure J of the ambient space fMn(c). This quadruple is dened
by
g(X; Y ) = g(JX; Y );  =  JN and (X) = g(;X) = g(JX;N ):
The vector eld  is called the characteristic vector eld on M . This quadruple
satises
(2.3) 2 =  I +  
 ; g(; ) = 1 and  = 0
It follows from (2.1), (2.2), erJ = 0 and JX = X + (X)N that
(2.4) (rX)Y = (Y )AX   g(AX; Y );
(2.5) rX = AX:
Indeed, for (2.5), we get
rX =  rX(JN ) =  erX(JN ) + g(AX; JN )N
=  J erXN + g(AX; JN )N = JAX   g(JAX;N )N = AX:
And for (2.4), we see
(rX)Y = rX(Y )  rXY = rX(JY   (Y )N )  rXY
= erX(JY   (Y )N )  g(AY;X)N   rXY
= J(rXY + g(AX; Y )N ) X((Y ))N + (Y )AX
  g(AY;X)N   rXY
= rXY + g(rXY; )N   g(AX; Y )   g(rXY; )N
  g(Y; AX)N + (Y )AX   g(AY;X)N   rXY
= (Y )AX   g(AX; Y ):
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For the curvature tensors R of the hypersurface M and eR of the ambient spacefMn(c), we have the equation of Gauss
g(R(X; Y )Z;W ) = g( eR(X; Y )Z;W ) + g(AY;Z)g(AX;W )(2.6)
  g(AX;Z)g(AY;W ):
Since the curvature tensor eR is written aseR(X; Y )Z = c
4
fg(Y; Z)X   g(X;Z)Y + g(JY; Z)JX(2.7)
 g(JX;Z)JY + 2g(X; JY )JZg;
from (2.6) the equation of Gauss is reduced to
g(R(X;Y )Z;W ) =
c
4
fg(Y; Z)g(X;W )  g(X;Z)g(Y;W )(2.8)
+ g(JY; Z)g(JX;W )  g(JX;Z)g(JY;W )  2g(X; Y )g(Z;W )g
+ g(AY;Z)g(AX;W )  g(AX;Z)g(AY;W )g:
It follows from
g( eR(X; Y )Z;N ) = g((rXA)Y   (rYA)X;Z)
and (2.7) that
(2.9) (rXA)Y   (rYA)X = c
4
f(X)Y   (Y )X   2g(X; Y )g:
We call (2.9) the Codazzi equation for a real hypersurface M in fMn(c). We usually
call M a Hopf hypersurface if the characteristic vector eld  of M is a principal
curvature vector at each point of M . In the following, for a Hopf hypersurface M
we set A =  on M . Here, we review the following lemma which is a useful tool
in the theory of Hopf hypersurfaces in a nonat complex space form (cf. [15, 17]).
Lemma 1. For a Hopf hypersurface M2n 1 (n = 2) with principal curvature 
corresponding to the characteristic vector eld  in a nonat complex space formfMn(c); n = 2, we have the following.
(1) If X is a tangent vector of M perpendicular to  with AX = X, then
(2  )AX = (+ (c=2))X.
(2)  is constant locally on M.
Proof. We adopt the discussion in the proof of this lemma in [17].
(1) It follows from (2.5) and A =  that
(2.10) (rXA) = rX(A)  ArX = (X) + (I   A)AX:
This, together with (2.9), shows
(2.11) X = g((rXA); ) = g((rA)X; ):
So, from g((rA)X; ) = g((rA);X) = ()(X) we see that X = 0 for all
vectors X perpendicular to , so that grad  = (). Now, using (2.10) and (2.11),
we have
g((rXA)Y; ) = g((rXA); Y )(2.12)
= ()(X)(Y ) + g((I   A)AX; Y ):
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Exchanging X and Y in (2.12) and subtracting these equations, we compute
g((rXA)Y; )  g((rYA)X; ) = g((I   A)AX; Y )  g((I   A)AY;X):
This, combined with (2.9), implies
(c=2)g(X;Y ) = g((I   A)AX; Y )  g((I   A)AY;X)
=  g(X;A(I   A)Y )  g(X; (I   A)AY )
for all X;Y 2 TM . Thus we can see that
(2.13) AA  (=2)(A+ A)  (c=4) = 0:
Statement (1) is an immediate consequence of (2.13).
(2) Let  = . Then grad  =  (see the proof of Statement (1)). We have
g(rX(grad ); Y )  g(rY (grad ); X)
= X(g(grad ; Y ))  g(grad ;rXY )  Y (g(grad ;X))
+ g(grad ;rYX)
= XY    Y X   g(grad ;rXY  rYX)
= ([X; Y ]  (rXY  rYX)) = 0:
This, together  = , yields
0 = g(rX(); Y )  g(rY (); X)(2.14)
= X(Y ) + g(AX; Y )  Y (X)  g(AY;X)
= (X)(Y )  (Y )(X) + g((A+ A)X; Y ):
Setting Y =  in (2.14), we get 0 = X   ()(X), where we have used A = 
and  = 0. Thus we see that X = ()(X) for all vectors X. This, combined
with (2.14), shows
(2.15) ()(A+ A) = 0:
Note that Equation (2.15) is a key in the proof of Statement (2). In the following,
we suppose that  6= 0 at some point. Then it follows from (2.15) that A+A = 0
in a suciently small neighborhood of this point. So, from (2.13) we know that
A2 + (c=4) = 0. Now, applying this equation to a principal curvature vector X
orthogonal to , we get
0 = (A2 + (c=4)I)X = (2 + (c=4))X;
where  is the principal curvature for X. Hence 2 + (c=4) = 0. Then we obtain
a contradiction in the case of c > 0. Thus we nd that grad  = 0, namely  is
constant locally on M when c is positive.
Therefore the rest of the proof is to verify that  = 0 also holds on M in the
case of c < 0. Suppose that A+A = 0. So we can use (A2+(c=4)I) = 0. Hence
0 = (rX((A2 + (c=4)I)))Y(2.16)
= (rX)(A2 + (c=4)I)Y + (rXA)AY + A(rXA)Y:
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Hence, from (2.4), Equation (2.16) becomes
0 = (2 + (c=4))(Y )AX   g((A3 + (c=4)A)X; Y ) + (rXA)AY
+ A(rXA)Y:
Applying  to this equality, we get
(2.17) ((2 + (c=4))(Y )AX) + 2((rXA)AY ) + 2(A(rXA)Y ) = 0:
The second term of (2.17) is rewritten as
2((rXA)AY ) =  (rXA)AY + g((rXA)AY; ):
It follows from (2.5), g((rXA)Y; Z) = g(Y; (rXA)Z) and A2 =  (c=4) that
g((rXA)AY; ) = g(AY; (X) + (I   A)AX)
= (X)(Y ) + g(AAX; Y )  g(A2AX; Y )
= (X)(Y ) + (c=4)g(X; Y ) + (c=4)g(AX; Y ):
Again using 2X =  X + g(X; ), we can rewrite the third term of (2.17) as
2(A(rXA)Y ) =  A(rXA)Y + g(A(rXA)Y; );
and by a direct computation we see that
g(A(rXA)Y; ) = g((rXA)Y; )
= (X)(Y ) + 2g(AX; Y )  (c=4)g(X; Y ):
Then by all of the above computation we know that
(rXA)AY+A(rXA)Y = 2(X)(Y )(2.18)
+ (2 + (c=4))(g(AX; Y ) + (Y )AX):
Here, exchanging X and Y in (2.18) and subtracting these equations, from (2.9)
and the equality A+ A = 0 we know that
(rXA)AY   (rYA)AX = (c=2)g(X; Y ) + 2((Y )AX(2.19)
  (X)AY ):
Taking the inner product of (rXA)AY and Z, from the symmetry of A, A+A = 0
and (2.9) we have
g((rXA)AY;Z) = g(AY; (rXA)Z)
= g(AY; (rZA)X) + (c=4)((X)g(AY; Z)  (Z)g(AX; Y ) + 2(Y )g(X;Z)):
Exchanging X and Y in this equation and subtracting the two equations, we obtain
g((rXA)AY;Z)  g((rYA)AX;Z) = g(AY; (rZA)X)
  g(AX; (rZA)Y ) + (c=4)((X)g(AY;Z)  (Y )g(AX;Z))
+ (c=2)((Y )g(X;Z)  (X)g(Y; Z)):
Then the coecient of X on the right hand side of this equation is
(rZA)AY   A(rZA)Y + (c=4)(g(AY;Z)   (Y )AZ)(2.20)
+ (c=2)((Y )Z   g(Y; Z)):
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On the other hand, taking the inner product of (2.19) and Z, we nd that the
coecient of X on the right hand side is
 (c=2)(Z)Y + 2((Y )AZ   g(AY; Z)):
This, together with (2.20), yields
(rZA)AY   A(rZA)Y = (2   (c=4))(Y )AZ
  (c=2)((Y )Z + (Z)Y + g(Y; Z))  (2   (c=4))g(AY;Z):
Replacing Z with X in this equation, we have
(rXA)AY A(rXA)Y(2.21)
= (2   (c=4))((Y )AX   g(AX; Y ))
  (c=2)((Y )X + (X)Y + g(Y;X)):
It follows from (2.18) and (2.21) that
(rXA)AY = (X)(Y ) + (c=4)g(AX; Y ) + 2(Y )AX(2.22)
  (c=4)((Y )X + (X)Y + g(Y;X)):
Also recall that AA = (c=4). Replacing Y by AY in (2.22), we get
(rXA)A2Y = 2(X)(Y ) + (c2=16)g(X; Y )(2.23)
+ 3(Y )AX   (c2=4)(Y )X   (c=4)(X)AY
  (c=4)g(AY;X):
We note that (A2 + (c=4)I)Y = (2 + (c=4))(Y ), since (A2 + (c=4)I) = 0. This
shows that A2Y = ( c=4)Y + (2 + (c=4))(Y ). So we can compute directly the
following equalities.
(rXA)A2Y = ( c=4)(rXA)Y + (2 + (c=4))(Y )(rXA)
= ( c=4)(rXA)Y + (2 + (c=4))(Y )(X)
+ (2 + (c=4))(Y )AX   (2 + (c=4))(c=4)(Y )X
= ( c=4)(rXA)Y + 2(X)(Y ) + (c=4)(X)(Y )
+ 3(Y )AX + (c=4)(Y )AX   (c2=4)(Y )X
  (c2=16)(Y )X:
This, combined with (2.23), shows
(rXA)Y = (X)(Y ) + ((X)AY + (Y )AX(2.24)
+ g(AX; Y )) + (c=4)(g(Y;X)   (Y )X):
We shall compute (R(X;X)  A)Z for each X orthogonal to  by using (2.24),
which is dened by
(R(X;X)  A)Z = R(X;X)(AZ)  A(R(X;X)Z);
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where R is the curvature tensor of our real hypersurface M . By a direct calculation
we nd
rX((rXA)Z)(2.25)
= rX(((Z)AX + g(AX;Z)) + (c=4)(g(Z; X)   (Z)2X))
= (g(rXZ; )AX + g(Z;rX)AX + (Z)rX(AX)
+ g(rX(AX); Z) + g(AX;rXZ) + g(AX;Z)rX)
+ (c=4)(g(rXX;Z) + g(X;rXZ) + g(X;Z)rX
+ g(rX; Z)X + g(;rXZ)X + (Z)rXX);
where we have used X = (X). Here, from (2.24) we see that
rX(AX) = A(rXX) + (rXA)X = A(rXX) + g(AX;X):
Then we rewrite (2.25) as
rX((rXA)Z)(2.26)
= (g(rXZ; )AX + g(Z; AX)AX + (Z)A(rXX)
+ g(AX;X)(Z) + g(A(rXX); Z) + g(AX;X)(Z)
+ g(AX;rXZ) + g(AX;Z)AX)
+ (c=4)(g(rXX;Z) + g(X;rXZ) + g(X;Z)AX
+ g(AX;Z)X + g(;rXZ)X + (Z)rXX):
Moreover, we have similarly
(rXA)(rXZ) = (g(rXZ; )AX + g(AX;rXZ))(2.27)
+ (c=4)(g(rXZ;X) + g(;rXZ)X)
and
(rrXXA)Z(2.28)
=  g(AX;X)(Z) + ((Z)ArXX   g(AX;X)AZ
  (Z)g(rXX; ) + g(ArXX;Z)   g(rXX; )(Z))
+ (c=4)(g(Z;rXX)   (Z)g(rXX; ) + (Z)rXX
  (Z)g(rXX; )):
We now dene
N(X;Z) = (rXrXA rrXXA)Z
= rX((rXA)Z)  (rXA)(rXZ)  (rrXXA)Z:
This, together with (2.26), (2.27) and (2.28), implies
N(X;Z) = g(AX;X)(Z)(2.29)
+ (g(Z; AX)AX + g(AX;Z)AX + g(AX;X)AZ)
+ (c=4)(g(X;Z)AX + g(AX;Z)X   2(Z)g(AX;X)):
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Since X is perpendicular to , by the denition of N we get
N(X;Z) = ( rXrXA+rrXXA)Z
= (R(X;X)  A)Z   (rXrXA rrXXA)Z;
so that
(R(X;X)  A)Z = N(X;Z) +N(X;Z):
On the other hand, from (2.29) we know that
N(X;Z) =  g(AX;X)(Z)
+ (g(Z;AX)AX + g(AX;Z)AX   g(AX;X)AZ)
+ (c=4)(g(X;Z)AX + g(AX;Z)X   2(Z)g(X;AX)):
Hence
(R(X;X)  A)Z = (c=4)(g(X;Z)AX + g(X;AZ)X   g(X;Z)AX
+ g(X;AZ)X):
Now let feig be an orthonormal basis of ?. Then we haveX
(R(ei; ei)  A)Z = (c=4)(AZ + AZ   AZ + AZ)(2.30)
= cAZ:
We consider the following for any (1, 1) tensor T
(TX ^ TX)AZ   A(TX ^ TX)Z;
where (X ^ Y )Z = g(Y; Z)X   g(X;Z)Y . In general, we nd
(TX ^ TX)AZ   A(TX ^ TX)Z(2.31)
= g(TX;AZ)TX   g(TX;AZ)TX   g(TX;Z)ATX
+ g(TX;Z)ATX:
Summing (2.31) over X = ei, we can see that the right hand side becomes
 T (T AZ) TT AZ + ATT Z + ATT Z(2.32)
=  2TT AZ + 2ATT Z;
where T  is the transpose of T . In the case of T = I, (2.32) becomes
2(A  A)Z =  4AZ:
When T = A, (2.32) is
 2AA2Z + 2A2AZ =  2(AA)AZ + 2A(AA)Z =  cAZ:
Here we have used AA = (c=4). It follows from (2.8) that
R(ei; ei) = Aei ^ Aei + (c=4)(ei ^ ei + ei ^ 2ei + 2g(ei; 2ei))
= Aei ^ Aei + (c=2)(ei ^ ei)  (c=2):
Since (R(ei; ei)  A)Z = R(ei; ei)(AZ)   AR(ei; ei)Z, by the summation of the
last term in (R(ei; ei)  A)Z gives  c(2n   2)AZ. Using this and (2.32) with
T = I and T = A, we see that
(2.33)
X
(R(ei; ei)  A)Z =  c(2n+ 1)AZ:
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For all tangent vectors Z, from (2.30) and (2.33) we nd that
2c(n+ 1)AZ = 0;
so that A = 0. This implies that AX = (AX) for all X 2 TM . Hence, from
(2.5) we know that
(rXA)Y = rX(AY )  ArXY 2 spanfg;
which, together with (2.9), yields
(c=4)((X)Y   (Y )X) 2 spanfg:
Putting Y =  in this equation, we can see that ( c=4)X 2 spanfg for all
X 2 TM . Thus we obtain a contradiction. Therefore, in the case of c < 0 we
conclude that  is constant locally on M . 
The discussion in the proof of Lemma 1 gives the following fundamental fact in
the study of real hypersurfaces in fMn(c); n = 2.
Lemma 2. There exist no real hypersurfaces with A+A = 0 in a nonat complex
space form fMn(c); n = 2.
By virtue of Lemma 2, we obtain the following fundamental property of all Hopf
hypersurfaces in a nonat complex space form.
Lemma 3 ([7]). For every Hopf hypersurface M in a nonat complex space formfMn(c); n = 2, the holomorphic distribution T 0M = fX 2 TM j(X) = 0g on M is
not integrable.
Proof. Suppose that there exist a Hopf hypersurface M with the integrable holo-
morphic distribution T 0M in fMn(c). Note that T 0M is integrable if and only if
[X; Y ] = rXY  rYX 2 T 0M for all X; Y 2 T 0M:
Hence, for all X;Y 2 T 0M from (2.5) we have
0 = g(rXY  rYX; ) =  g(Y;rX) + g(X;rY )
=  g(Y; AX) + g(X;AY ) = g(X; (A+ A)Y );
which implies that T 0M is integrable if and only if
(2.34) g((A+ A)X;Y ) = 0 for all X; Y 2 T 0M:
This, combined with the assumption that  is principal, shows that A + A = 0
holds on our real hypersurface M . This is a contradiction. 
In this context, it is natural to consider a problem that does there exist a Hopf
hypersurface M in fMn(c) satisfying that T 0M is decomposed as the direct sum of
integrable distributions? The following lemma gives a characterization of all real
hypersurfaces of type (B) from this viewpoint ([7, 12]).
Lemma 4. A connected real hypersurface M2n 1 (with Riemannian connection
r) of CHn(c); n = 2 is of type (B) if and only if M satises the following two
conditions:
(1) The holomorphic distribution T 0M of M is decomposed as the direct sum of
restricted principal distributions V 0i = fX 2 T 0M jAX = iXg;
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(2) Every V 0i in Condition (1) is integrable and each of its leaves is a totally
geodesic submanifold of M , namely rXY 2 V 0i for all vectors X and Y of
any V 0i.
We here call V 0i = fX 2 T 0M jAX = iXg the restricted principal distribution
associated to the principal curvature i.
We here again explain the property (iii) in the Introduction with proof.
Proposition 1. In a nonat complex space form fMn(c); n = 2, there exist no real
hypersurfaces M with parallel structure tensor .
Proof. Suppose there exists a real hypersurface with parallel structure tensor  in
a nonat complex space form fMn(c); n = 2. Then it follows from (2.4) that
(2.35) (Y )AX   g(AX; Y ) = 0 for 8X;Y 2 TM:
Putting X = Y =  in (2.35), we get A = g(A; ), so that our real hypersurface
M is a Hopf hypersurface. Next, we take a principal curvature vector X orthogonal
to  with AX = X. Then, setting Y =  in (2.35), we can see that the principal
curvature vector X satises AX = 0, i.e.,  = 0. Hence our real hypersurface
M is a Hopf hypersurface having two distinct constant principal curvature  and
 = 0. However there does not exist such a Hopf hypersurface (see the above tables
of principal curvatures), which is a contradiction. Therefore we obtain the desired
statement. 
3. classification of homogenenous Hopf hypersurfaces
in CP n(c) and CHn(c)
Theorem 1 ([11, 18]). In CP n(c) (n = 2), every Hopf hypersurface all of whose
principal curvatures are constant is locally congruent to one of the following:
(A1) A geodesic sphere of radius r, where 0 < r < =
p
c ;
(A2) A tube of radius r around a totally geodesic CP `(c) (1 5 ` 5 n  2), where
0 < r < =
p
c ;
(B) A tube of radius r around a complex hyperquadric CQn 1, where 0 < r <
=(2
p
c );
(C) A tube of radius r around the Segre embbeding CP 1(c)CP (n 1)=2(c), where
0 < r < =(2
p
c ) and n (= 5) is odd;
(D) A tube of radius r around a complex Grassmann CG2;5, where 0 < r <
=(2
p
c ) and n = 9;
(E) A tube of radius r around a Hermitian symmetric space SO(10)=U(5), where
0 < r < =(2
p
c ) and n = 15.
These real hypersurfaces are said to be of types (A1), (A2), (B), (C), (D) and (E).
Summing up real hypersurfaces of types (A1) and (A2), we call them hypersurfaces
of type (A). The numbers of distinct principal curvatures of these real hypersurfaces
are 2; 3; 3; 5; 5; 5, respectively. The principal curvatures of these real hypersurfaces
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in CP n(c) are given as follows (cf. [17]):
(A1) (A2) (B) (C, D, E)
1
p
c
2
cot(
p
c
2
r
 p
c
2
cot(
p
c
2
r
 p
c
2
cot
 p
c
2
r   
4
 p
c
2
cot
 p
c
2
r   
4

2 |  
p
c
2
tan(
p
c
2
r
 p
c
2
cot
 p
c
2
r + 
4
 p
c
2
cot
 p
c
2
r + 
4

3 | | |
p
c
2
cot(
p
c
2
r

4 | | |  
p
c
2
tan(
p
c
2
r


p
c cot(
p
c r)
p
c cot(
p
c r)
p
c cot(
p
c r)
p
c cot(
p
c r)
The multiplicities of these principal curvatures are given as follows (cf. [17]):
(A1) (A2) (B) (C) (D) (E)
m(1) 2n  2 2n  2`  2 n  1 2 4 6
m(2) | 2` n  1 2 4 6
m(3) | | | n  3 4 8
m(4) | | | n  3 4 8
m() 1 1 1 1 1 1
Theorem 2 ([5]). In CHn(c) (n = 2), every Hopf hypersurface all of whose princi-
pal curvatures are constant is locally congruent to one of the following homogeneous
real hypersurfaces (see [5, 17]):
(A0) A horosphere in CHn(c);
(A1;0) A geodesic sphere of radius r (0 < r <1);
(A1;1) A tube of radius r around a totally geodesic CHn 1(c), where 0 < r <1;
(A2) A tube of radius r around a totally geodesic CH`(c) (1 5 ` 5 n  2), where
0 < r <1;
(B) A tube of radius r around a totally real totally geodesic RHn(c=4), where
0 < r <1.
These real hypersurfaces are said to be of types (A0), (A1), (A1), (A2) and (B).
Here, type (A1) means either type (A1;0) or type (A1;1). Summing up real hy-
persurfaces of types (A0), (A1) and (A2), we call them hypersurfaces of type (A).
The homogeneous real hypersurface of type (B) with radius r = (1=
pjcj ) loge(2 +p
3 ) has two distinct constant principal curvatures 1 =  =
p
3jcj =2 and 2 =pjcj =(2p3 ). Except for this real hypersurface, the numbers of distinct principal
curvatures of Hopf hypersurfaces with constant principal curvatures are 2; 2; 2; 3; 3,
respectively. The principal curvatures of these real hypersurfaces in CHn(c) are
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given as follows :
(A0) (A1;0) (A1;1) (A2) (B)
1
p
jcj
2
p
jcj
2 coth(
p
jcj
2 r
 pjcj
2 tanh(
p
jcj
2 r
 pjcj
2 coth(
p
jcj
2 r
 pjcj
2 coth(
p
jcj
2 r

2 | | |
p
jcj
2 tanh(
p
jcj
2 r
 pjcj
2 tanh(
p
jcj
2 r


pjcj pjcj coth(pjcj r) pjcj coth(pjcj r) pjcj coth(pjcj r) pjcj tanh(pjcj r)
The multiplicities of these principal curvatures are given as follows (cf. [5]):
(A0) (A1;0) (A1;1) (A2) (B)
m(1) 2n  2 2n  2 2n  2 2n  2`  2 n  1
m(2) | | | 2` n  1
m() 1 1 1 1 1
We here explain briey the discussion in the proof of Theorem 2. The discussion
is divided into two parts. The rst part is to show that a Hopf hypersurface M
with constant principal curvatures has at most three distinct principal curvatures.
The second part is to show the classication of Hopf hypersurface M with constant
principal curvatures.
In both parts, the following Lemma 6 is very crucial. To get Lemma 6, we prepare
Lemma 5.
Lemma 5 ([5]). Let E1; : : : ; E2n 2 a local eld of orthonormal frames of T 0M with
AEi = iEi (1 5 i 5 2n  2). Then for every i 2 f1; : : : ; 2n  2g we have
2n 2X
j=1
j 6=i
(c=4) + ij
i   j
 
1 + 2g(Ei; Ej)
2

= 0:
By virtue of Lemma 5, we have the following Lemma 6 which is a special case of
Lemma 1.
Lemma 6 ([5]). (1) If 2 + c = 0, then Spec(T 0M) = f=2g; in particular we
have two distinct constant principal curvatures in this case.
(2) If 2 + c 6= 0, then for all  2 Spec(T 0M) we have 2    6= 0 and JV 0 =
V 0, where 
 2 Spec(T 0M) is uniquely characterized by the equation (2 
)(2   ) = 2 + c.
In the rst part of the proof, by Lemma 5 and Lemma 6, we obtain the following
theorem:
Theorem 3 ([5]). For every  2 Spec(T 0M) there exists exactly one  2 Spec(T 0M)
such that JV 0 = V
0
 andX
2Spec(T 0M)
6=
m
(c=4) + 
   +Q(
) = 0;
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where m is the multiplicity of the eigenvalue  with respect to AjT 0M and
Q() =
8<: 0 if  = 
;
2
(c=4) + 
   if  6= 
:
Due to Theorem 3, in the case ;  2 Spec(T 0M);  6= , it is shown that
(c=4) +  = 0. Therefore, M has at most three distinct principal curvatures.
In the second part, using a geodesic variation, we can obtain the classication of
Hopf hypersurfaces M all of whose principal curvatures are constant.
The rough sketch of the second part is as follows. Here, we set c =  4. For
p 2 M , let p : [0;1) ! CHn be the unique geodesic of CHn with _p(0) = Np,
where Np is the unit normal vector of M at the point p. For a xed r 2 (0;1), a
map  : M ! CHn is dened by (p) := p(r). Moreover, for v 2 TpM , let Bv be
the unique parallel eld along p with Bv(0) = v and Xv the Jacobi eld along p
with initial condition that Xv(0) = v and X
0
v(0)(= er _p(0)Xv) =  Av, where er is
the covariant dierentiation on the ambient space CHn and A is the shape operator
of M in CHn. We take a curve c in M satisfying that _c(0) = v and the variation
eld of the variation V (t; s) := expCH
n
(tN c(s)) is Xv, namely Xv = @
@s
V (t; s)

s=0
.
By the Jacobi equation and (2.7), Xv is expressed in the following form.
Xv(t) = (cosh(t)   sinh(t))Bv(t)(3.1)
for v 2 V 0 (p);  2 Spec(T 0M);
Xv(t) =

cosh(2t)  
2
sinh(2t)

Bv(t) for v 2 Rp:(3.2)
We can get the following well-known formulas.
Xv(r) = ()pv;(3.3)
X 0v(r) = erXv(r) _p = erv E ;(3.4)
where er is the pull-back connection on  1TCHn by .
Thinking about the case when  is not immersion, i.e.,  is not injective, we
know the following lemma.
Lemma 7 ([5]). If  is not an immersion, i.e. coth(r) 2 Spec(T 0M) or  =
2 coth(2r), then (M) consists only of focal points, and for every p0 2M there exists
a neighborhood V in M such that jV is a submersion onto a regular submanifold
W of CHn. Furthermore, the spectrum of the shape operator ~Az of W does not
depend on z 2 N1W , which is the unit normal bundle along W , and it is given by
 :=
(
f~j 2 Spec(T 0M);  6= coth(r)g; if  = 2 coth(2r);
f~g [ f~j 2 Spec(T 0M);  6= coth(r)g; if  6= 2 coth(2r);
where
~ :=
  sinh(r) +  cosh(r)
cosh(r)   sinh(r) if  6= coth(r);
and
~ := 2
 2 sinh(2r) +  cosh(2r)
2 cosh(2r)   sinh(2r) if  6= 2 coth(2r):
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In the proof of Lemma 7, because  has constant rank for each r, to show the
existence of the neighborhood V , implicit function theorem is used. From Lemma
7, the classication of Hopf hypersurfaces with constant principal curvatures in
CHn(c) (n = 2) follows.
For example, when the real hypersurfaceM has three distinct principal curvatures
 = tanh(r);  = coth(r);  = 2 tanh(2r) and JV 0 = V
0
 , we can say that M
is locally congruent to a tube of radius r around a totally real totally geodesic
submanifold RHn of CHn of real dimension n.
4. extrinsic shapes of geodesics
From the viewpoint of extrinsic shapes of geodesics on a connected hypersurface
Mn in the ambient space fMn+1, the following proposition is fundamental.
Proposition 2. For a connected hypersurface Mn isometrically immersed into a
Riemannian manifold fMn+1, the following three conditions are mutually equivalent:
(1) Every geodesic on Mn is mapped to a circle in fMn+1;
(2) Every geodesic on Mn is mapped to a circle of the same curvature in fMn+1;
(3) Mn is totally umbilic in fMn+1 andMn has constant mean curvature, namely
Trace A is constant on Mn, where A is the shape operator of Mn in fMn+1.
It is known that in fMn(c)(c 6= 0; n = 2) there does not exist a totally umbilic
real hypersurface M2n 1. Therefore, by Propsition 2 there does not exist a real
hypersurface M2n 1 all of whose geodesics are mapped to circles in the ambient
space fMn(c).
Proof of Proposition 1. We suppose Condition (1). By the denition of a circle in a
Riemannian manifold, every geodesic  ofMn, considered as a curve in the ambient
space fMn+1, satises the equation er _ _ = kYs and er _Ys =  k _ with a non-negative
constant k and a unit vector Ys along . This equation can be transformed to the
following ordinary dierential equation:
(4.1) er _ er _ _ + g(er _ _; er _ _) _ = 0:
Making use of Gauss formula: erXY = rXY +g(AX; Y )N and Weingarten formula:erXN =  AX for the hypersurface Mn in fMn+1, we can rewrite (4.1) as follows:
(4.2)  g(A _; _)A _ + g(A _; _)2 _ + g((r _A) _; _)N = 0:
Therefore, taking the tangential component and the normal component of (4.2) for
the hypersurace Mn in fMn+1, we obtain
(4.3) g(A _; _)A _ = g(A _; _)2 _ and g((r _A) _; _) = 0
for each geodesic  on Mn. We can say Equation (4.3) means that
(4.4) g(AX;X)AX = g(AX;X)2X and g((rXA)X;X) = 0
for all X 2 TM with kXk = 1. Note that the former equation in (4.4) means
(4.5) g(AX;X)g(AX; Y ) = 0
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for each pair of orthonormal vectors X and Y on M , which is equivalent to saying
that
(4.6) g(ApX;X)
2 is constant at each point p 2M
for every unit vector X 2 TpM as shown below .
Indeed, let f : Sn 1(1)( Rn) ! R be the dierentiable function on a subset
Sn 1(1) = fu 2 TpM jkuk = 1g dened by f(u) = g(Apu; u)2, where Ap is the shape
operator of M in fMn+1 at the point p 2 M . If v is a vector tangent to Sn 1(1)
at u (hence u ? v), we nd v(f) = 4g(Apu; u)g(Apu; v) = 0 by (4.5). Here we
use the fact ervu = v, where er is a Riemannian connection of Rn and u is the
position vector at the point u 2 Sn 1(1). Thus f is a constant function on Sn 1(1).
Then we can set 2(p) = g(AX;X)2 for each unit vector X 2 TpM with (p) = 0
at every point p 2 M . When Mn is not totally geodesic in fMn+1, there exists a
point x 2 M with (x) > 0. Then the continuity of the function  shows that
there exists some open neighborhood Ux of the point x such that  > 0 on Ux. We
here choose a local eld of orthonormal frames e1; : : : ; en on Ux in such a way that
Aei = iei (1 5 i 5 n). Hence, from (4.6) we see that 21 = : : : = 2n = 2. We
here suppose that there exists an orthonormal pair of vectors ei and ej such that
Aei = ei and Aej =  ej. Then we nd that
g(A(ei + ej)=
p
2 ; (ei + ej)=
p
2 ) = 0;
which is a contradiction. So, we know that either Aei = ei (1 5 i 5 n) or
Aei =  ei (1 5 i 5 n), which shows that every point y 2 Ux is an umbilic
point. Thus we can see that Mn is totally umbilic in fMn+1. Furthermore, the
latter equation in (4.4) yields that the function  is constant on M . Therefore we
get Conditions (2) and (3) in our Proposition.
By virtue of the above argument we can see that each of Conditions (2) and (3)
implies Condition (1). 
Weakening the denition of a totally umbilic real hypersurfaces, that of a totally
-umbilic real hypersurface is given as follows.
Denition. A real hypersurface M2n 1 is totally -umbilic in fMn(c) if the shape
operator A is written as AX = X + (X) for all X 2 TM , where ;  are
functions on M .
It is a well known fact that, every totally -umbilic hypersurface is locally con-
gruent to one of types (A1)(c > 0) and types (A0); (A1;0); (A1;1)(c < 0) and ;  are
automatically constant on M .
5. homogeneous real hypersurfaces of type (B) in CHn(c)
Our aim here is to prove the following:
Theorem ([21]). Let M be a connected real hypersurface of CHn(c); n = 2. Then
the following conditions (1); (2); (3) are mutually equivalent.
(1) M is locally congruent to the homogeneous real hypersurface of type (B) with
two distinct principal curvatures in CHn(c).
(2) M satises the following two conditions 2a) and 2b).
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2a) The exterior dierentiation d of the contact form  on M which is
given by d(X;Y ) := (1=2)fX((Y ))   Y ((X))   ([X;Y ])g holds
either d(X; Y ) = (
pjcj=3 )g(X;Y ) for all X;Y 2 TM or d(X;Y ) =
( pjcj=3 )g(X;Y ) for all X; Y 2 TM .
2b) There exist two geodesics i = i(s) (i = 1; 2) on M through a point
x = 1(0) = 2(0) with initial vectors _i(0) orthogonal to i(0) which
are mapped to circles of dierent positive curvatures.
(3) M satises the following three conditions 3a); 3b) and 3c).
3a) The holomorphic distribution T
0M := fX 2 TM jX ? g of M is
decomposed as the direct sum of restricted principal distributions V 0i =
fX 2 T 0M jAX = iXg:
3b) The derivative of the shape operator A of M satises (rXA)Y = 0 for
all vectors X; Y of each V 0i in 3a).
3c) There exist two geodesics i = i(s) (i = 1; 2) on M through a point
x = 1(0) = 2(0) with initial vectors _i(0) orthogonal to i(0) which
are mapped to circles of positive curvatures 3k and k, respectively.
Proof. We rst prove that Condition (1) implies both Conditions (2) and (3). Let
M be the homogeneous real hypersurface of type (B) with two distinct principal
curvatures. Then our real hypersurface M satises (see Lemma 1 (1))
A = 1; T
0M = V 01  V 02 and V 01 = V 02 ;
where 1 =
p
3jcj =2 and 2 =
pjcj =(2p3 ). Hence we easily see that
(5.1) (A+ A)X =
2
pjcjp
3
X for all X 2 TM:
It follows from (2.5) and (5.1) that
d(X; Y ) =
1
2
(g(Y;rX)  g(X;rY ))
=
1
2
g((A+ A)X; Y ) =
pjcjp
3
g(X; Y )
=  
pjcjp
3
g(X;Y )
Needless to say, when we take a unit normal vector N with A =  1, we get
d(X; Y ) = (
pjcj p3 )g(X;Y ) for all X;Y 2 TM
We next take two geodesics 1 = 1(s) and 2 = 2(s) onM through an arbitrary
xed point x = 1(0) = 2(0) with initial vectors _1(0) 2 V 01 and _2(0) 2 V 02 ,
respectively. Then by virtue of Lemma 4 we nd that these curves 1 and 2 can
be considered as geodesics on some leaves L1 and L2 of the restricted principal
distributions V 01 and V
0
2
, respectively. We here explain these leaves L1 and L2 in
detail. Due to (2.1) we see that the L1 and L2 are totally umbilic hypersurfaces
of an n-dimensional totally real totally geodesic real hyperbolic space RHn(c=4)
of constant sectional curvature c=4 in CHn(c). Hence these leaves are locally con-
gruent to real space forms Mn 1(di) of constant sectional curvatures di (i = 1; 2),
respectively. So we have the equations di  (c=4) = 2i . Thus we know that L1 and
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L2 are locally congruent to real space forms M
n 1(jcj=2) of constant sectional cur-
vature jcj=2 and Mn 1(c=6) of constant sectional curvature c=6, respectively. This,
together with Equation (2.1), shows that these geodesics 1 and 2 are mapped to
circles of dierent positive curvatures 1 and 2 in CHn(c), respectively. Thus we
obtain Condition (2).
The above discussion yields that Conditions 3a) and 3c) are immediate conse-
quences of Condition (1). So we here verify Condition 3b). Thanks to Lemma 4
our real hypersurface M satises rXY 2 V 0i for all X; Y of the restricted principal
distributions V 0i (i = 1; 2). For all X; Y 2 V 0i (i = 1; 2) with 1 =
p
3jcj =2 and
2 =
pjcj =(2p3 ), we have
(rXA)Y = rX(AY )  ArXY
= irXY   irXY = 0;
so that we get Condition 3b). Therefore we can see that Condition (1) implies both
Conditions (2) and (3).
Conversely, we suppose Condition (2). Then, from Condition 2a) and the above
discussion we can take a unit normal vector N onM satisfying (5.1). Setting X = 
in (5.1), we get A = 0, so that our real hypersurface M is a Hopf hypersurface.
Next we take a principal curvature vector eld X(? ) with a principal curvature 
in (5.1). Suppose that 2   6= 0 at some point x 2M . Hence, from the continuity
of the function 2   there exists a suciently small neighborhood Ux of the point
x satisfying that (2  )(y) 6= 0 for each y 2 Ux This, combined with Lemma 1(1)
and (5.1), yields the following equation on the neighborhood Ux:
+
+ c
2
2   =
2
pjcjp
3
:
Thus, from the constancy of  and this equation we nd that  is constant on Ux.
We nally consider the case of 2    = 0 at some point of M . We shall verify
that 2    vanishes identically on M . Assume that 2    6= 0 at some point
x0 2 M , and set y0 = (2   )(x0). Let N be the subset of those points x 2 M
such that (2   )(x) = y0. Clearly N is a non-empty closed subset of M . It is
also open, since the discussion in the case of 2    6= 0 means that the function
2    is constantly equal to y0 6= 0 on some neighborhood of each point x 2 N .
Since M is connected, we nd that N = M , which is a contradiction. So we nd
that  = =2 on M .
Thus we can see that our real hypersurface is a Hopf hypersurface with constant
principal curvatures. In consideration of Theorem 2 we see that M is of type either
(A0), (A1), (A2) or (B). We shall check 2a) for these real hypersurfaces one by one.
For the properties of the principal curvatures of real hypersurfaces of type (A), see
[17].
Let M be of type (A0). Then AX = (
pjcj =2)X for all X 2 T 0M and A =pjcj , which implies (A + A)X = pjcj X for all X 2 TM . So we have
d(X; Y ) = ( pjcj =2)g(X;Y ) for all X;Y 2 TM , which is a contradiction. Thus
we can see that this real hypersurface does not satisfy Condition 2a).
Let M be of type (A1;0). Then AX = (
pjcj =2) coth(pjcj r=2)X for all X 2
T 0M and A =
pjcj coth(pjcj r). Hence, by the same computation as above
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d(X; Y ) = ( pjcj =2) coth(pjcj r=2)g(X;Y ). Thus we obtain the equationpjcj coth(pjcj r=2) = 2pjcj =p3 . Solving this equation, we know that the radius
r of real hypersurfaces of type (A1;0) is expressed as r = (2=
pjcj ) loge(2 + p3 ).
Then this real hypersurface satises Condition 2a).
LetM be of type (A1;1). Then AX = (
pjcj =2) tanh(pjcj r=2)X for allX 2 T 0M
and A =
pjcj coth(pjcj r). Hence we get d(X; Y ) = ( pjcj =2)
tanh(
pjcj r=2)g(X;Y ), so that pjcj tanh(pjcj r=2) = 2pjcj =p3 , which is a
contradiction. Thus this real hypersurface does not satisfy Condition 2a).
Let M be of type (A2). Then the holomorphic distribution T
0M of M is de-
composed as T 0M = V 01  V 02 = V1  V2 with 1 = (
pjcj ) coth(pjcj r=2),
2 = (
pjcj ) tanh(pjcj r=2) and A = pjcj coth(pjcj r). Note that V 01 = V 01
and V 02 = V
0
2
. These equalities imply that Equation (5.1) does not hold. Hence
this real hypersurface does not hold Condition 2a).
Let M be of type (B). Then it follows from (5.1) thatpjcj
2
coth
pjcj r
2

+
pjcj
2
tanh
pjcj r
2

=
2
pjcjp
3
:
Solving this equation, we get r = (1=
pjcj ) loge(2+p3 ), so thatM has two distinct
principal curvatures 1 =  =
p
3jcj =2 and 2 =
pjcj =(2p3 ), which yields that
this real hypersurface satises Condition 2a). Hence our discussion asserts that a
real hypersurface of CHn(c) satises Condition 2a) if and only if M is locally con-
gruent to either the geodesic sphere G(r) of radius r = (2=
pjcj ) loge(2+p3 ) (i.e.,
(
pjcj =2) coth(pjcj r=2) =pjcj =p3 ) or the real hypersurface of type (B) with two
distinct principal curvatures. However the former case does not satisfy Condition
2b). Indeed, every geodesic  = (s) on G(r) of radius r = (2=
pjcj ) loge(2 +p3 )
with initial vector _(0) orthogonal to (0) is mapped to a circle of the same curva-
ture
pjcj =p3 (cf. [7]). Therefore we can see that Condition (2) implies Condition
(1).
We nally suppose Condition (3). We shall study on the open dense subset U of
M , which is given by Remark 2. Condition 3a) implies that our real hypersurface
M is a Hopf hypersurface. Next, for each vector X; Y of any restricted principal
distribution V 0i , from Condition 3b) we get
0 = (rXA)Y = rX(AY )  ArXY
= rX(iY )  ArXY
= (Xi)Y + (iI   A)rXY;
so that
(5.2) (Xi)Y + (iI   A)rXY = 0:
We here take an arbitrary vector Z 2 V 0j with i 6= j.
Note that there exists such a vector Z. To show that, we assume that there does
not exist such Z. Then there exists an open set V of M such that T 0V = V 0i ,
which means that Av = iv for any v 2 T 0V, i.e., our real hypersurface V is totally
-umbilic in the ambient space CHn(c). Hence this real hypersurface V is of type
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(A). So the shape operator A of V satises the following dierential equation
(rXA)Y = ( c=4)(g(X; Y ) + (Y )X)
for X;Y 2 TV (see [17]). Then for any unit vector X orthogonal to , from the
above equation we have (rXA)X = ( c=4) 6= 0, which contradicts to Condition
3b).
Then taking the inner product of the left hand side of (5.2) and the vector Z 2 V 0j
with i 6= j, we obtain
0 = g((iI   A)rXY; Z) = (i   j)g(rXY; Z);
so that g(rXY; Z) = 0, which shows that
(5.3) rXY 2 V 0i  fgR for each X; Y 2 V 0i :
We shall verify that g(rXY; ) = 0. It follows from (2.5) that
(5.4) g(rXY; ) =  g(Y;rX) =  g(Y; AX) =  ig(Y; X):
On the other hand, from (2.9) and Condition 3b) we nd that g(X; Y ) = 0 for each
X; Y 2 V 0i . This, together with (5.3) and (5.4), yields that rXY 2 V 0i for every
vector X; Y of any restricted principal distribution V 0i . Hence our real hypersurface
M is of type (B) on the open dense subset U (see Lemma 4), which implies that M
is globally of type (B).
The rest of the proof is to determine real hypersurfaces of type (B) satisfying
Condition 3c).
To do this, we review the following fact. We take a geodesic  = (s) on a
hypersuface Mn isometrically immersed into an (n + 1)-dimensional Riemannian
manifold fMn+1 (with Riemannian metric g). Suppose that the geodesic  is mapped
to a circle of positive curvature k in the ambient space fMn+1. Then the shape
operator A of Mn in fMn+1 satises
(5.5) A _(s) = k _(s) for each s or A _(s) =  k _(s) for each s:
In fact, it follows from (2.1), (2.2) and the former equation in (4.3) that g(A _; _)A _ =
k2 _ holds on the curve . This, combined with k 6= 0, yields (5.5).
In view of the above fact and Condition 3c) we have only to consider the following
equation pjcj
2
coth
pjcj r
2

= 3
pjcj
2
tanh
pjcj r
2

:
Solving this equation, we see that r = (1=
pjcj ) loge(2 + p3 ). Thus we obtain
Condition (1). 
Remark 1. As an immediate consequence of the discussion in the proof of our The-
orem we have the following:
Corollary. A connected real hypersurface M of CHn(c); n = 2 is of type (B) if and
only if M satises the following two conditions:
(1) The holomorphic distribution T 0M of M is decomposed as the direct sum of
restricted principal distributions V 0i = fX 2 T 0M jAX = iXg;
(2) The derivative of the shape operator A of M satises (rXA)Y = 0 for all
vectors X; Y of each V 0i in (1).
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Remark 2. As a matter of fact, if a real hypersurface M of CHn(c) satises Con-
dition (1) in the above Corollary, then M is a Hopf hypersurface. Note that the
converse does not hold in general. However every Hopf hypersurface M2n 1 of
CHn(c) satises locally Condition (1) on an open dense subset
U =

x 2M2n 1
the multiplicity of every principal curvature of M2n 1 inCHn(c) is constant on some neighborhood Vx( U) of x

of M2n 1.
Remark 3. If we remove Condition 2b), our Theorem is not true. In fact, the geodesic
sphere G(r) with radius r = (2=
pjcj ) loge(2 +p3 ) in CHn(c) satises Condition
2a).
6. characterization of real hypersurfaces of type (A)
The main result in this section is as follows:
Theorem 4. Let M2n 1 (n = 2) be a connected real hypersurface in a nonat
complex space form fMn(c) through an isometric immersion. Then M is locally
congruent to a hypersurface of type (A) if and only if the tensor  = A   A
is parallel, where  and A are the structure tensor and the shape operator on M ,
respectively.
Using the discussion in the proof of Theorem 4, we can prove Theorem 5.
Theorem 5. Let M be a complex n(= 2)-dimensional Kahler manifold. Then the
following two conditions are mutually equivalent.
(1) M is locally congruent to a complex space form.
(2) At any point m 2 M , the tensor  m;r = m;rAm;r   Am;rm;r on every
suciently small geodesic sphere Gm(r) of M is parallel in the direction of
the characteristic vector m;r of Gm(r), i.e., rm;r m;r = 0, where m;r and
Am;r are the structure tensor and the shape operator on Gm(r), respectively
in the ambient space M .
For the proof of Theorem 5, we prepare the following lemma due to Chen and
Vanheche (see [8]).
Lemma 8. Let M be a Riemannian manifold of dimension greater than two with
Riemannian metric g. We denote by Gm(r) a geodesic sphere with center m and
radius r in M , and by Am;r the shape operator of Gm(r) in M with respect to the
outward unit normal vector eld. For non-zero tangent vectors v; w 2 TmM at a
point m 2 M , we choose a unit tangent vector u 2 TmM orthogonal to both v and
w. We denote by vr; wr 2 Texpm(ru)M the parallel displacement of v; w along the
geodesic segment expm(su), 0 5 s 5 r. Then for suciently small r we have
(6.1) g(Am;rvr; wr) =
1
r
g(v; w) +
r
3
g(R(u; v)w; u) +O(r2);
where R is the Riemannian curvature tensor dened by R(X;Y )Z = [rX ;rY ]Z  
r[X;Y ]Z.
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7. Proof of Theorem 4
We rst mention the following well-known proposition without proof (see [16, 17]).
Proposition 3. Let M2n 1 (n = 2) be a connected real hypersurface in a nonat
complex space form fMn(c) through an isometric immersion. Then the following two
conditions are mutually equivalent.
(1) M is locally congruent to a hypersurface of type (A).
(2) A = A, i.e.,  = A  A = 0 on M .
We rst suppose that our real hypersurface M is locally congruent to a hyper-
surface of type (A). Then from Proposition 3, we know  = 0, so that  is parallel
in a trivial sense.
Next, we suppose that  is parallel on M . The following discussion is essentially
due to the work of [9]. By direct computation, from (2.4) we get the following:
0 = g((rX )Y; Z) = (AY )g(AX;Z)  (Z)g(AX;AY )(7.1)
+ g(((rXA)  (rXA))Y; Z)
+ (AZ)g(AX; Y )  (Y )g(AX;AZ)
for any tangent vector elds X; Y and Z on M . Putting X = Y = Z =  in (7.1),
because of (2.3) we obtain
g((r ); ) = 2((A)2   (A2)):
So we have
(7.2) (A)2   (A2) = 0
Setting A = a + bU for two functions a and b on M , where U is the unit tangent
vector eld orthogonal to  onM and substituting this in (7.2), we get a2 (a2+b2) =
0. So, we conclude that b = 0, i.e.,  is a principal curvature vector. Namely, our
real hypersurface is a Hopf hypersurface.
Next, we take a principal curvature vector X with principal curvature  orthog-
onal to . Setting Y = X;Z =  in (7.1) and multiplying 2    to (7.1), from
Lemma 1, (2.3), (2.4), (2.5), we nd
0 = (2  )g((rX )X; )
= ( 2 + )(2  )g(X;X)  (2  )g(X; (rXA))
= ( 2 + )(2  )g(X;X) + (2  )(g(2X;AX) + g(AX; AX))
= ( 2 + )(2  )g(X;X)
+ (2  )(g(( X + (X)); AX) + g((+ (c=2))X; AX)
=  2(2  )g(X;X)  (+ (c=2))g(2X;AX)
=  (22   2  (c=2))g(X;X);
so that (22   2   (c=2)) = 0. We here note that  = 0 is not a solution to
the quadratic equation 22   2   (c=2) = 0. Hence our Hopf hypersurface M
in fMn(c) has at most four constant principal curvatures ,  = 0 and 1; 2 which
are solutions to the equation 22   2  (c=2) = 0. However we emphasize  6= 0
(see the tables of principal curvatures in Theorem 1, 2 ). So we see that our Hopf
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hypersurface M has at most three constant principal curvatures  and 1; 2 which
are solutions to the following quadratic equation:
(7.3) 22   2  (c=2) = 0:
When our Hopf hypersurface M with constant principal curvatures does not have
a principal curvature  with 2   = 0, Equation (7.3) can be rewritten as:
 =
+ (c=2)
2   :
This means AX = AX for every X in V, which, together with the fact that
A = 0 = A, implies A = A on M . Then M is locally congruent to a
hypersurface of type (A) in a nonat complex space form (see Proposition 3).
Finally, we investigate the case that our Hopf hypersurface M with constant
principal curvatures has a principal curvature  with 2    = 0. Then M is
nothing but the horosphere HS in CHn(c) (see the table of principal curvatures in
the case of c < 0 in Theorem 2), so that M is a member of hypersurfaces of type
(A). Therefore we obtain the desired conclusion.
8. Proof of Theorem 5
We rst show that Condition (2) implies Condition (1). We denote by m;r and
m;r the characteristic vector and the contact form on our geodesic sphere Gm(r) in
a Kahler manifold M . By the assumption rm;r m;r = 0 we have
m;r(Am;rm;r)
2   m;r(A2m;rm;r) = 0
which corresponds to Equation (7.2), so that the geodesic sphere Gm(r) is a Hopf
hypersurface in the Kahler manifold M .
Next, in Lemma 8 we choose w orthogonal to both v and Jv and we put u =
Jv. Since ur is a normal vector on Gm(r) in M at expm(ru), the vector vr is
the characteristic vector of Gm(r) at this point. It follows from the fact that our
geodesic sphere Gm(r) is a Hopf hypersurface in M and Equation (6.1) that the
curvature tensor R of M satises
g(R(u; Ju)w; u) = 0
(cf. [2]). Hence we can see that R(u; Ju)u is proportional to Ju for every u 2 TmM ,
so that M is locally congruent to a complex space form (see [20]). Thus we obtain
Condition (1).
Conversely, we suppose Condition (1). We take an arbitrary geodesic sphere G(r)
in a complex space form Mn(c). Since Gm(r) is a totally umbilic hypersurface in
the case of c = 0, the tensor  m;r = m;rAm;r Am;rm;r on Gm(r) vanishes. On the
other hand, when c 6= 0, our geodesic sphere Gm(r) is not totally umbilic. However
the tensor  m;r on Gm(r) also vanishes (see Proposition 3). Therefore the tensor
 m;r is parallel in a trivial sense. Thus we obtain Condition (2).
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